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THREE-DIMENSIONAL LORENTZIAN Ein(2) LIE GROUPS
YONG WANG
Abstract. In this paper, we completely classify three-dimensional Lorentzian Ein(2)
Lie groups.
1. Introduction
In [5], Cordero and Parker classified three dimensional Lorentzian Lie groups equipped
with a left-invariant Lorentzian metric and they wrote down the possible forms of a three-
dimensional Lie algebra, determining their curvature tensors and investigating the sym-
metry groups of the sectional curvature in the different cases. In [4], Calvaruso completely
classify three-dimensional homogenous Lorentzian manifolds, equipped with Einstein-like
metrics. In [1], Batat and Onda studied algebraic Ricci solitons of three-dimensional
Lorentzian Lie groups. They got a complete classification of algebraic Ricci solitons of
three-dimensional Lorentzian Lie groups and they proved that, contrary to the Riemann-
ian case, Lorentzian Ricci solitons needed not be algebraic Ricci solitons. In [2], [7],[8], the
definition of Ein(2) manifolds was introduced. In [6], some examples of Ein(2) manifolds
were given. Our motivation is to give more examples of Ein(2) manifolds and completely
classify three-dimensional Lorentzian Ein(2) Lie groups.
In Section 2, We classify three-dimensional Ein(2) unimodular Lorentzian Lie groups.
In Section 3, We classify three-dimensional Ein(2) non-unimodular Lorentzian Lie groups.
2. Three-dimensional Ein(2) unimodular Lorentzian Lie groups
Three-dimensional Lorentzian Lie groups had been classified in [3, 5](see Theorem 2.1
and Theorem 2.2 in [1]). Throughout this paper, we shall by {Gi}i=1,··· ,7, denote the
connected, simply connected three-dimensional Lie group equipped with a left-invariant
Lorentzian metric g and having Lie algebra {g}i=1,··· ,7. Let ∇ be the Levi-Civita connec-
tion of Gi and R its curvature tensor, taken with the convention
(2.1) R(X, Y )Z = ∇X∇YZ −∇Y∇XZ −∇[X,Y ]Z.
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The Ricci tensor of (Gi, g) is defined by
(2.2) ρ(X, Y ) = −g(R(X, e1)Y, e1)− g(R(X, e2)Y, e2) + g(R(X, e3)Y, e3),
where {e1, e2, e3} is a pseudo-orthonormal basis, with e3 timelike and the Ricci operator
ρ0 is given by
(2.3) ρ(X, Y ) = g(ρ0(X), Y ).
We define a symmetric (0, 2)-tensor ρ2 by
(2.4) ρ2(X, Y ) := ρ(ρ0X, Y ) = g((ρ0)2(X), Y ) = g(ρ0(X), ρ0(Y )).
Definition 2.1. [2, 7, 8] M is called Ein(2) if ρ2 + λ1ρ+ λ2g = 0 for scalars λ1, λ2.
So a three dimensional Lorentzian Lie group Gi is Ein(2) if and only if
(2.5) g(ρ0(ei), ρ
0(ej)) + λ1g(ρ
0(ei), ej) + λ2δij = 0,
for 1 ≤ i ≤ j ≤ 3. By (2.1) and Lemma 3.1 in [1], we have for G1, there exists a pseudo-
orthonormal basis {e1, e2, e3} with e3 timelike such that the Lie algebra of G1 satisfies
(2.6) [e1, e2] = αe1 − βe3, [e1, e3] = −αe1 − βe2, [e2, e3] = βe1 + αe2 + αe3, α 6= 0.
Lemma 2.2. ([4],[1]) The Levi-Civita connection ∇ of G1 is given by
∇e1e1 = −αe2 − αe3, ∇e2e1 =
β
2
e3, ∇e3e1 =
β
2
e2,(2.7)
∇e1e2 = αe1 −
β
2
e3, ∇e2e2 = αe3, ∇e3e2 = −
β
2
e1 − αe3,
∇e1e3 = −αe1 −
β
2
e2, ∇e2e3 =
β
2
e1 + αe2, ∇e3e3 = −αe2.
By (2.1-2.3) and Lemma 2.2, we get (see P.142 in [1])
ρ0

 e1e2
e3

 =


−β2
2
−αβ −αβ
−αβ −
(
2α2 + β
2
2
)
−2α2
αβ 2α2 2α2 − β2
2



 e1e2
e3

 .(2.8)
We note that ρ0 is the transport matrix of Ric in [1]. By (2.5) and (2.8), we have that
(G1, g) is a Ein(2) manifold if and only if

β4
4
− λ1β2
2
+ λ2 = 0,
3α2β2 + β
4
4
− λ1(2α2 + β22 ) + λ2 = 0,
3α2β2 − β4
4
+ λ1(−2α2 + β22 ) + λ2 = 0,
αβ(β2 − λ1) = 0,
α2(3β2 − 2λ1) = 0.
(2.9)
By the fifth equation in (2.9) and α 6= 0, we get λ1 = 32β2. So By the fourth equation in
(2.9) we get β = 0 and λ1 = 0. By the first equation in (2.9), we get λ2 = 0. So we have
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Theorem 2.3. (G1, g) is a Ein(2) manifold if and only if β = 0, α 6= 0, λ1 = λ2 = 0.
By (2.2) and Lemma 3.5 in [1], we have for G2, there exists a pseudo-orthonormal basis
{e1, e2, e3} with e3 timelike such that the Lie algebra of G2 satisfies
(2.10) [e1, e2] = γe2 − βe3, [e1, e3] = −βe2 − γe3, [e2, e3] = αe1, γ 6= 0.
Lemma 2.4. ([4],[1]) The Levi-Civita connection ∇ of G2 is given by
∇e1e1 = 0, ∇e2e1 = −γe2 +
α
2
e3, ∇e3e1 =
α
2
e2 + γe3,(2.11)
∇e1e2 = (
α
2
− β)e3, ∇e2e2 = γe1, ∇e3e2 = −
α
2
e1,
∇e1e3 = (
α
2
− β)e2, ∇e2e3 =
α
2
e1, ∇e3e3 = γe1.
By (2.1-2.3) and Lemma 2.4, we get (see P.144 in [1])
ρ0

 e1e2
e3

 =

 −(
α2
2
+ 2γ2) 0 0
0 α
2
2
− αβ αγ − 2βγ
0 2βγ − αγ α2
2
− αβ



 e1e2
e3

 .(2.12)
By (2.5) and (2.12), we have that (G2, g) is a Ein(2) manifold if and only if

(α
2
2
+ 2γ2)2 − λ1(α22 + 2γ2) + λ2 = 0,
(α
2
4
− γ2)(α− 2β)2 + λ1(α22 − αβ) + λ2 = 0,
(γ2 − α2
4
)(α− 2β)2 + λ1(αβ − α22 ) + λ2 = 0,
(α2 − 2αβ)(2βγ − αγ) + λ1(2βγ − αγ) = 0.
(2.13)
we get
Theorem 2.5. (G2, g) is a Ein(2) manifold if and only if α = 2β, γ 6= 0, λ1 = α22 +2γ2,
λ2 = 0.
Proof. By the second equation and the third equation in (2.13), we get λ2 = 0. By the
fourth equation in (2.13) and γ 6= 0, we get
(2.14) (2β − α)(α2 − 2αβ + λ1) = 0.
Case (i) α = 2β. So we get λ1 =
α2
2
+ 2γ2 by the first equation in (2.13), λ2 = 0.
Case (ii) α 6= 2β. we get λ1 = 2αβ − α2.. By the second equation in (2.13), we get
(α
2
4
− γ2)(α− 2β) + λ1 α2 = 0. Then γ = 0. This is a contradiction. In this case, we have
no solutions.

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By (2.3) and Lemma 3.8 in [1], we have for G3, there exists a pseudo-orthonormal basis
{e1, e2, e3} with e3 timelike such that the Lie algebra of G3 satisfies
(2.15) [e1, e2] = −γe3, [e1, e3] = −βe2, [e2, e3] = αe1.
Lemma 2.6. ([4],[1]) The Levi-Civita connection ∇ of G3 is given by
∇e1e1 = 0, ∇e2e1 = a2e3, ∇e3e1 = a3e2,(2.16)
∇e1e2 = a1e3, ∇e2e2 = 0, ∇e3e2 = −a3e1,
∇e1e3 = a1e2, ∇e2e3 = a2e1, ∇e3e3 = 0,
where
(2.17) a1 =
1
2
(α− β − γ), a2 = 1
2
(α− β + γ), a3 = 1
2
(α + β − γ).
By (2.1-2.3) and Lemma 2.6, we get (see P.146 in [1])
ρ0 =

 −a1a2 − a1a3 − βa2 − γa3 0 00 a2a3 − a1a2 + αa1 − γa3 0
0 0 −a1a3 + a2a3 + αa1 − βa2


(2.18)
By (2.5),(2.17) and (2.18), we have that (G3, g) is a Ein(2) manifold if and only if

[
α2
2
− (β−γ)2
2
]2
− λ1
[
α2
2
− (β−γ)2
2
]
+ λ2 = 0,[
β2
2
− (α−γ)2
2
]2
− λ1
[
β2
2
− (α−γ)2
2
]
+ λ2 = 0,[
γ2
2
− (α−β)2
2
]2
− λ1
[
γ2
2
− (α−β)2
2
]
− λ2 = 0.
(2.19)
Theorem 2.7. (G3, g) is a Ein(2) manifold if and only if
(i)α = β. γ = 0, λ2 = 0.
(ii) α = β, γ 6= 0, α 6= 0, λ1 = γ[(2α−γ)
2+γ2]
4α
, λ2 =
γ3(−2α2+3αγ−γ2)
4α
.
(iii) α = 0, β 6= 0, β = γ, λ2 = 0.
(iv) β = 0, α 6= 0, α = γ, λ2 = 0.
(v) α 6= β, αβ 6= 0, α + β − γ = 0, λ1 = 2αβ, λ2 = 0.
(vi) α 6= β, α + β − γ 6= 0, λ1 = 2β(α− β), λ2 = 0, γ = α− β.
(vii) α 6= β, α+ β − γ 6= 0, λ1 = 2α(β − α), λ2 = 0, γ = β − α.
(viii) α 6= β, α + β − γ 6= 0, γ = ±
√
α2 + β2, λ1 = ±
√
α2 + β2(α + β ∓
√
α2 + β2),
λ2 =
[
α2
2
− (β±
√
α2+β2)2
2
] [
β2
2
− (α±
√
α2+β2)2
2
]
.
Proof. The first equation minus the second equation in (2.19), we get
(2.20) (α− β)(α+ β − γ)[γ(α + β − γ)− λ1] = 0.
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Case 1) α = β. By the third equation in (2.19), we get λ2 =
γ4
4
− γ2
2
λ1. By the second
equation in (2.19), we get
(2.21)
γ2
4
[(2α− γ)2 + γ2]− λ1γα = 0.
Case 1)-1) α = β, γ = 0. So λ2 = 0 and we get solution (i).
Case 1)-2) α = β, γ 6= 0. By (2.21), we get solution (ii).
Case 2) α 6= β, α+ β − γ = 0. By the first equation in (2.19), we have λ2 = 0. So by the
third equation in (2.19), we get
(2.22) 2α2β2 − αβλ1 = 0.
Case 2)-1) α = 0, α 6= β, α+ β − γ = 0. We get the solution (iii).
Case 2)-2) β = 0, α 6= 0, α 6= β, α + β − γ = 0. We get the solution (iv).
Case 2)-3) αβ 6= 0, α 6= β, α + β − γ = 0. We get the solution (v).
Case 3) α 6= β, α + β − γ 6= 0. So by (2.20), we get λ1 = γ(α + β − γ). By the first
equation in (2.19), we get
(2.23) λ2 =
[
α2
2
− (β − γ)
2
2
] [
β2
2
− (α− γ)
2
2
]
.
By the third equation in (2.19), we get
(2.24) (β − α + γ)(α− β + γ)(γ2 − α2 − β2) = 0.
Case 3)-1) α 6= β, α + β − γ 6= 0, β − α+ γ = 0. We get the solution (vi).
Case 3)-2) α 6= β, α + β − γ 6= 0, α− β + γ = 0. We get the solution (vii).
Case 3)-3) α 6= β, α + β − γ 6= 0, γ2 − α2 − β2 = 0. We get the solution (viii).

By (2.4) and Lemma 3.11 in [1], we have for G4, there exists a pseudo-orthonormal
basis {e1, e2, e3} with e3 timelike such that the Lie algebra of G4 satisfies
[e1, e2] = −e2 + (2η − β)e3, η = 1 or− 1, [e1, e3] = −βe2 + e3, [e2, e3] = αe1.(2.25)
Lemma 2.8. ([4],[1]) The Levi-Civita connection ∇ of G4 is given by
∇e1e1 = 0, ∇e2e1 = e2 + b2e3, ∇e3e1 = b3e2 − e3,(2.26)
∇e1e2 = b1e3, ∇e2e2 = −e1, ∇e3e2 = −b3e1,
∇e1e3 = b1e2, ∇e2e3 = b2e1, ∇e3e3 = −e1,
where
(2.27) b1 =
α
2
+ η − β, b2 = α
2
− η, b3 = α
2
+ η.
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By (2.1-2.3) and Lemma 2.8, we get (see P.147 in [1])
ρ0 =

 −
α2
2
0 0
0 α
2
2
+ 2η(α− β)− αβ + 2 −α + 2β − 2η
0 α− 2β + 2η α2
2
− αβ − 2 + 2ηβ

(2.28)
By (2.5) and (2.28), we have that (G4, g) is a Ein(2) manifold if and only if


α4
4
− λ1 α22 + λ2 = 0,[
α2
2
+ 2η(α− β)− αβ + 2
]2
− (α− 2β + 2η)2 +
[
α2
2
+ 2η(α− β)− αβ + 2
]
λ1 + λ2 = 0,
(α
2
2
− αβ − 2 + 2ηβ)2 − (α− 2β + 2η)2 + (α2
2
− αβ − 2 + 2ηβ)λ1 − λ2 = 0,
(α− 2β + 2η)[α(α− 2β + 2η) + λ1] = 0.
(2.29)
Theorem 2.9. (G4, g) is a Ein(2) manifold if and only if
(i) α = 0, β = η, λ2 = 0.
(ii) α 6= 0, β = α
2
+ η, λ2 = 0, λ1 =
α2
2
.
(iii) α = 0, β 6= η, λ1 = 0, λ2 = 0.
Proof. Case 1) α− 2β + 2η = 0. By (2.29), we have λ2 = 0 and α4 = 2λ1α2.
Case 1)-1)α− 2β + 2η = 0, α = 0. We get the solution (i).
Case 1)-2)α− 2β + 2η = 0, α 6= 0. We get the solution (ii).
Case 2) α − 2β + 2η 6= 0. So λ1 = −α(α − 2β + 2η). By the first equation in (2.29), we
get λ2 = −α32 (3α2 −2β+2η). Using the expression of λ1 and the second equation minusing
the third equation in (2.29), we get λ2 = 0. So α
3(3α
2
− 2β + 2η) = 0.
Case 2)-1) α− 2β + 2η 6= 0, α = 0. We get the solution (iii).
Case 2)-2) α− 2β + 2η 6= 0, α 6= 0. Then 3α
2
− 2β + 2η = 0 and λ1 = α22 and β = 34α+ η.
By the second equation in (2.29), we get α = 0. This is a contradiction and we have no
solutions in this case.

3. Three-dimensional Ein(2) non-unimodular Lorentzian Lie groups.
By (2.5) and Lemma 4.1 in [1], we have for G5, there exists a pseudo-orthonormal basis
{e1, e2, e3} with e3 timelike such that the Lie algebra of G5 satisfies
(3.1) [e1, e2] = 0, [e1, e3] = αe1 + βe2, [e2, e3] = γe1 + δe2, α + δ 6= 0, αγ + βδ = 0.
Lemma 3.1. ([4],[1]) The Levi-Civita connection ∇ of G5 is given by
∇e1e1 = αe3, ∇e2e1 =
β + γ
2
e3, ∇e3e1 = −
β − γ
2
e2,(3.2)
∇e1e2 =
β + γ
2
e3, ∇e2e2 = δe3, ∇e3e2 =
β − γ
2
e1,
∇e1e3 = αe1 +
β + γ
2
e2, ∇e2e3 =
β + γ
2
e1 + δe2, ∇e3e3 = 0.
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By (2.1-2.3) and Lemma 3.1, we get (see P.149 in [1])
ρ0 =


α2 + αδ + β
2−γ2
2
0 0
0 αδ + δ2 − β2−γ2
2
0
0 0 α2 + δ2 + (β+γ)
2
2
.

(3.3)
By (2.5) and (3.3), we have that (G5, g) is a Ein(2) manifold if and only if

(α2 + αδ + β
2−γ2
2
)2 + λ1(α
2 + αδ + β
2−γ2
2
) + λ2 = 0,
(αδ + δ2 − β2−γ2
2
)2 + λ1(αδ + δ
2 − β2−γ2
2
) + λ2 = 0,
(α2 + δ2 + (β+γ)
2
2
)2 + λ1(α
2 + δ2 + (β+γ)
2
2
)− λ2 = 0.
(3.4)
Theorem 3.2. (G5, g) is a Ein(2) manifold if and only if
(i) γ = −β, α = δ, δ 6= 0, λ1 = −2α2, λ2 = 0.
(ii) α = β = γ = 0, δ 6= 0, λ1 = −δ2, λ2 = 0.
(iii) α 6= 0, β = γ = δ = 0, λ1 = −α2, λ2 = 0.
(iv) α2 + β2 − δ2 − γ2 6= 0, α + δ 6= 0, β 6= 0, δ = −αγ
β
, λ1 = −(α + δ)2,
(3.5) λ2 = αδ(α+ δ)
2 +
(β2 − γ2)(δ2 − α2)
2
− (β
2 − γ2)2
4
.
(3.6) α2 =
−β
2
[(β2 − γ2)2 + (β + γ)4]±√△
2γ(3β2 + 3γ2 − 2γβ) ,
where
(3.7) △ = β
2
4
[(β2 − γ2)2 + (β + γ)4]2 − β3γ(3β2 + 3γ2 − 2γβ)[(β2 − γ2)2 + (β + γ)4].
Proof. The first equation minus the second equation in (3.4), then we get
(3.8) (α2 + β2 − δ2 − γ2)[(α + δ)2 + λ1] = 0.
Case 1) α2 + β2 − δ2 − γ2 = 0. By α + δ 6= 0, the second equation plusing the third
equation in (3.4), we get
(3.9) λ1 = −
(αδ + δ2 − β2−γ2
2
)2 + (α2 + δ2 + (β+γ)
2
2
)2
α2 + αδ + 2δ2 + γ2 + βγ
.
By (3.9) and the third equation in (3.4), we get
(3.10) λ2 =
[α2 + δ2 + (β+γ)
2
2
](αδ + δ2 − β2−γ2
2
)(α2 − αδ + βγ + β2)
α2 + αδ + 2δ2 + γ2 + βγ
.
Case 1)-1) α2 + β2 − δ2 − γ2 = 0, β 6= 0. Then δ = −αγ
β
and β2 = γ2 and α2 = δ2.
Case 1)-1)-1) α2 + β2 − δ2 − γ2 = 0, β 6= 0, β = γ. We get α + δ = 0 and this is a
contradiction. In this case, we have no solutions.
Case 1)-1)-2) α2 + β2 − δ2 − γ2 = 0, β 6= 0, β = −γ. We get α = δ and α 6= 0. By (3.9)
and (3.10), we get the solution (i).
Case 1)-2) α2 + β2 − δ2 − γ2 = 0, β = 0. So αγ = 0.
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Case 1)-2)-1) α2 + β2 − δ2 − γ2 = 0, β = 0, α = 0. So −δ2 − γ2 = 0 and δ = 0 and
α + δ = 0. This is a contradiction. In this case, we have no solutions.
Case 1)-2)-2) α2 + β2 − δ2 − γ2 = 0, β = 0, γ = 0. We have α = δ 6= 0 and by (3.9) and
(3.10), we get the solution (i).
Case 2) α2+β2−δ2−γ2 6= 0. By (3.8), we get λ1 = −(α+δ)2. So by the second equation
and third equation in (3.4), we have (3.5) and
(3.11)
(α+δ)2[α2+αδ+
β2 − γ2
2
+α2+δ2+
(β + γ)2
2
] = (α2+δ2+
(β + γ)2
2
)2+(α2+αδ+
β2 − γ2
2
)2.
Case 2)-1) α2 + β2 − δ2 − γ2 6= 0, β 6= 0. So δ = −αγ
β
and by (3.11), we get
(3.12) γ(3β2+3γ2−2βγ)α4+ β
2
[(β2−γ2)2+(β+γ)4]α2+ β
3
4
[(β2−γ2)2+(β+γ)4] = 0.
By (3.12), we get (3.6) and the solution (iv).
Case 2)-2) α2 + β2 − δ2 − γ2 6= 0, β = 0. So αγ = 0.
Case 2)-2)-1) α2 + β2 − δ2 − γ2 6= 0, α = β = 0. By (3.11), we get the solution (ii).
Case 2)-2)-2) α2 + β2 − δ2 − γ2 6= 0, γ = β = 0. By (3.11), we get δ = 0 and the solution
(iii).

Remark. We give an example of (iv) in Theorem 3.2 now. Let β = −1 and γ = 2, then
δ = 2α and α+ δ = 3α 6= 0. α2+β2− δ2−γ2 = 1
β2
(α2+β2)(β2−γ2) 6= 0. (3.12) becomes
76α4−10α2−5 = 0, so α2 = 5+
√
405
76
. By (3.5), we have λ1 = −45+9
√
405
76
, λ2 = 18α
4− 9
2
α2− 9
4
.
By (2.6) and Lemma 4.3 in [1], we have for G6, there exists a pseudo-orthonormal basis
{e1, e2, e3} with e3 timelike such that the Lie algebra of G6 satisfies
(3.13) [e1, e2] = αe2 + βe3, [e1, e3] = γe2 + δe3, [e2, e3] = 0, α + δ 6= 0 αγ − βδ = 0.
Lemma 3.3. ([4],[1]) The Levi-Civita connection ∇ of G6 is given by
∇e1e1 = 0, ∇e2e1 = −αe2 −
β − γ
2
e3, ∇e3e1 =
β − γ
2
e2 − δe3,(3.14)
∇e1e2 =
β + γ
2
e3, ∇e2e2 = αe1, ∇e3e2 = −
β − γ
2
e1,
∇e1e3 =
β + γ
2
e2, ∇e2e3 = −
β − γ
2
e1, ∇e3e3 = −δe1.
Three-dimensional Lorentzian Ein(2) Lie groups 9
By (2.1-2.3) and Lemma 3.3, we get (see P.150 in [1])
ρ0 =


−α2 − δ2 + (β−γ)2
2
0 0
0 −α2 − αδ + β2−γ2
2
0
0 0 −δ2 − αδ − β2−γ2
2
.

(3.15)
By (2.5) and (3.15), we have that (G6, g) is a Ein(2) manifold if and only if

[
α2 + δ2 − (β−γ)2
2
]2
− λ1[α2 + δ2 − (β−γ)
2
2
] + λ2 = 0,[
α2 + αδ − β2−γ2
2
]2
− λ1[α2 + αδ − β2−γ22 ] + λ2 = 0,
−(δ2 + αδ + β2−γ2
2
)2 + λ1(δ
2 + αδ + β
2−γ2
2
) + λ2 = 0.
(3.16)
Theorem 3.4. (G6, g) is a Ein(2) manifold if and only if
(i) γ = β 6= 0, α = δ 6= 0, λ1 = 2α2, λ2 = 0.
(ii) β = γ = δ = 0, α 6= 0, λ1 = α2, λ2 = 0.
(iii) γ = β = 0, α = δ 6= 0, λ1 = 2α2, λ2 = 0.
(iv) β 6= γ, δ = γ 6= 0, α = β, α + δ 6= 0, λ1 = (α+δ)
2
2
, λ2 = 0.
(v) β 6= γ, δ = γ = 0, α 6= 0, λ1 = α
4−α2β2+β4
2
α2
, λ2 =
β2(α2−β2
2
)(β2−α2)
2α2
.
(vi) β 6= γ, δ 6= γ, δ = −γ 6= 0, α = −β, α + δ 6= 0, λ1 = (α+δ)
2
2
, λ2 = 0.
(vii) β 6= 0, δ = αγ
β
, δ2 − αδ + βγ − γ2 6= 0, α + δ 6= 0, λ1 = 2α2 + δ2 + αδ + βγ − β2,
(3.17) λ2 = (2α
2 + δ2 + αδ + βγ − β2)
[
α2 + δ2 − (β − γ)
2
2
]
−
[
α2 + δ2 − (β − γ)
2
2
]2
,
(3.18) α2 =
γβ(β − γ)±√γ2β2(γ − β)2 + 2β3(β + γ)(β − γ)2
2(β + γ)
.
(viii) α = β = γ = 0, δ 6= 0, λ1 = δ2, λ2 = 0.
(viiii) α = β = 0, γ 6= 0, δ2 = γ2
2
, λ1 = δ
2, λ2 = 0.
Proof. The first equation minusing the second equation in (3.16), then we get
(3.19) (δ2 − αδ + βγ − γ2)(2α2 + δ2 + αδ + βγ − β2 − λ1) = 0.
Case 1) δ2−αδ+βγ−γ2 = 0. The second equation minusing the third equation in (3.16),
then we get
(3.20) λ1 =
[
α2 + αδ − β2−γ2
2
]2
+ (δ2 + αδ + β
2−γ2
2
)2
(α+ δ)2
.
By (3.20) and the third equation in (3.16), we get
(3.21) λ2 =
(α2 + αδ − β2−γ2
2
)(δ2 + αδ + β
2−γ2
2
)(δ2 − α2 + β2 − γ2)
(α+ δ)2
.
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By δ2 − αδ + βγ − γ2 = 0 and αγ = βδ, we get (β − γ)(δ2 − γ2) = 0.
Case 1)-1) δ2 − αδ + βγ − γ2 = 0, β = γ 6= 0. Then α = δ 6= 0. By (3.20) and (3.21), we
get the solution (i).
Case 1)-2) δ2 − αδ + βγ − γ2 = 0, β = γ = 0. Then δ2 = αδ.
Case 1)-2)-1) δ2 − αδ + βγ − γ2 = 0, β = γ = 0, δ = 0, By (3.20) and (3.21), we get the
solution (ii).
Case 1)-2)-2) δ2−αδ+βγ−γ2 = 0, β = γ = 0, δ 6= 0. Then α = δ. By (3.20) and (3.21),
we get the solution (iii).
Case 1)-3) δ2 − αδ + βγ − γ2 = 0, β 6= γ. So δ2 = γ2. We let δ = γ 6= 0. By (3.20) and
(3.21), we get the solution (iv).
Case 1)-4) δ2 − αδ + βγ − γ2 = 0, β 6= γ, δ = γ = 0. By (3.20) and (3.21), we get the
solution (v).
Case 1)-5) δ2 − αδ + βγ − γ2 = 0, β 6= γ, δ = −γ. By (3.20) and (3.21), we get the
solution (vi).
Case 2) δ2 − αδ + βγ − γ2 6= 0. By (3.19), we have
(3.22) λ1 = 2α
2 + δ2 + αδ + βγ − β2.
By the first equation in (3.16), we get
(3.23) λ2 = (2α
2 + δ2 + αδ + βγ − β2)
[
α2 + δ2 − (β − γ)
2
2
]
−
[
α2 + δ2 − (β − γ)
2
2
]2
.
By the first equation and the third equation in (3.16), we get
(3.24)
(α2+αδ+
γ2 − β2
2
)
[
α2 + δ2 − (β − γ)
2
2
]
= (δ2+αδ+
−γ2 + β2
2
)[−2α2+β2−γ2+(β − γ)
2
2
].
Case 2)-1) δ2 − αδ + βγ − γ2 6= 0, β 6= 0. Then δ = αγ
β
. By (3.24), we get
(3.25) (β + γ)α4 + γβ(γ − β)α2 − β
3
2
(β − γ)2 = 0.
So we get (3.18) and the solution (vii).
Case 2)-2) δ2 − αδ + βγ − γ2 6= 0, β = 0. Then αγ = 0
Case 2)-2)-1) δ2 − αδ + βγ − γ2 6= 0, β = 0, α = 0. By (3.24), we get γ2(δ2 − γ2
2
) = 0.
Case 2)-2)-1)-1) δ2 − αδ + βγ − γ2 6= 0, β = 0, α = 0, γ = 0. By (3.23), we get the
solution (viii).
Case 2)-2)-1)-2) δ2 − αδ + βγ − γ2 6= 0, β = 0, α = 0, γ 6= 0. So δ2 = γ2
2
. By (3.22) and
(3.23), we get the solution (viiii).
Case 2)-2)-2) δ2 − αδ + βγ − γ2 6= 0, β = 0, α 6= 0. So γ = 0. By (3.24), we get α = 0
and this is a contradiction. In this case, we have no solutions. 
Remark. We give an example of (vii) in Theorem 3.4 now. Let β = 1 and γ = 2, then
δ = 2α and α2 = −2+
√
10
6
and δ2 − αδ + βγ − γ2 = 2α2 − 2 6= 0. α + δ = 3α 6= 0,
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λ1 =
4
√
10−5
3
, λ2 =
37−8
√
10
12
.
By (2.7) and Lemma 4.5 in [1], we have for G7, there exists a pseudo-orthonormal basis
{e1, e2, e3} with e3 timelike such that the Lie algebra of G7 satisfies
(3.26)
[e1, e2] = −αe1−βe2−βe3, [e1, e3] = αe1+βe2+βe3, [e2, e3] = γe1+δe2+δe3, , α+δ 6= 0, αγ = 0.
Lemma 3.5. ([4],[1]) The Levi-Civita connection ∇ of G7 is given by
∇e1e1 = αe2 + αe3, ∇e2e1 = βe2 + (β +
γ
2
)e3, ∇e3e1 = −(β −
γ
2
)e2 − βe3,(3.27)
∇e1e2 = −αe1 +
γ
2
e3, ∇e2e2 = −βe1 + δe3, ∇e3e2 = (β −
γ
2
)e1 − δe3,
∇e1e3 = αe1 +
γ
2
e2, ∇e2e3 = (β +
γ
2
)e1 + δe2, ∇e3e3 = −βe1 − δe2.
By (2.1-2.3) and Lemma 3.5, we get (see P.151 in [1])
ρ0 =


−γ2
2
0 0
0 αδ − α2 − βγ + γ2
2
−α2 + αδ − βγ
0 α2 − αδ + βγ −αδ + α2 + βγ + γ2
2
.

(3.28)
By (2.5) and (3.28), we have that (G7, g) is a Ein(2) manifold if and only if


γ4
4
− λ1 γ22 + λ2 = 0,
(αδ − α2 − βγ + γ2
2
)2 − (α2 − αδ + βγ)2 + (αδ − α2 − βγ + γ2
2
)λ1 + λ2 = 0,
(−αδ + α2 + βγ + γ2
2
)2 − (α2 − αδ + βγ)2 + (−αδ + α2 + βγ + γ2
2
)λ1 − λ2 = 0,
(α2 − αδ + βγ)(λ1 + γ2) = 0.
(3.29)
Theorem 3.6. (G7, g) is a Ein(2) manifold if and only if
(i) α = β = γ = 0, δ 6= 0, λ2 = 0.
(ii) α = γ = 0, β 6= 0, δ 6= 0, λ2 = 0
(iii) α 6= 0, γ = 0, α = δ, λ2 = 0
(iv) α 6= 0, γ = 0, α 6= ±δ, λ1 = λ2 = 0.
Proof. We know αγ = 0.
Case 1) α = 0. By the fourth equation in (3.29), we have βγ(λ1 + γ
2) = 0.
Case 1)-1) α = β = 0. By the second equation and the third equation in (3.29), we get
λ2 = 0. By the first equation and the second equation in (3.29), we get γ = 0. We get
the solution (i).
Case 1)-2) α = 0, β 6= 0. Then γ(λ1 + γ2) = 0.
Case 1)-2)-1) α = 0, β 6= 0, γ = 0. Then we get the solution (ii).
Case 1)-2)-2) α = 0, β 6= 0, γ 6= 0. Then λ1 = −γ2 and λ2 = −34γ4 by the first equation
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in (3.29). By the second equation in (3.29), we get γ = 0. This is a contradiction.
Case 2) α 6= 0. So γ = 0. By the first equation in (3.29), we get λ2 = 0. By the fourth
equation in (3.29), we have (α− δ)λ1 = 0.
Case 2)-1) α 6= 0, γ = 0, λ2 = 0, α = δ. We get the solution (iii).
Case 2)-2) α 6= 0, γ = 0, λ2 = 0, α 6= δ. Then λ1 = 0 and we get the solution (iv).

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